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Abstract 

In this paper, we exhibit the non-formal star-exponential of the Lie group SL{2,M.) real¬ 
ized geometrically on the curvature contraction of its one-sheeted hyperboloid orbits endowed 
with its natural non-formal star-product. It is done by a direct resolution of the defining 
equation of the star-exponential and produces an expression with Bessel functions. This 
yields a continuous group homomorphism from SL(2,M.) into the von Neumann algebra of 
multipliers of the Hilbert algebra associated to this natural star-product. As an application, 
we prove a new identity on Bessel functions. 
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1 Introduction 

Deformation quantization, initiated in [6], consists in deforming the pointwise product of the 
commutative algebra of smooth functions C°°{M) on a Poisson manifold M into a noncommuta- 
tive star-product -kg depending on a deformation parameter 6. Formal deformation quantizations 
were intensively studied [HI EHl [22l ES] and definitely classified in m- In the non-formal setting, 
there exist some examples of deformation of groups and their actions like Abelian Lie groups 
[35] , Abelian Lie supergroups miEQi, Kahlerian Lie groups |I3|, Abelian p-adic groups [25] . 
deformations of in holomorphic mm or resurgent [H] context, deformations of SU{l,n) 
Ha EE], but no general classifying theory is available. 

Associated to star-products and following |23) . the notion of star-exponential laEiii] plays 
an important role for the study of deformation quantization, for giving access to spectrum 
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of operators [HE], for the link with representation theory. In the non-formal context, star- 
exponential of quadratic functions were explicitly computed [33ll32| for the Moyal-Weyl product. 
Applications to harmonic analysis such as character formula or Fourier transformation can be 
obtained by computing non-formal star-exponential of momentum maps of some Lie group’s 
action. This was performed for nilpotent Lie groups in |5| by using the Moyal-Weyl product. By 
using Berezin and Weyl quantizations, this program of star-representations was achieved in the 
case of unitary irreducible representations of compact semisimple Lie groups [T], of holomorphic 
discrete series [2] (see also |8| for 5L2(K)) and principal series of semisimple Lie groups [l6| (see 
also [3|). 

However, one can wonder wether it is possible to construct non-formal star-exponentials for 
star-products that are geometrically more natural for the orbits of the group. In this spirit, the 
non-formal star-exponential of Kahlerian Lie groups with negative curvature was exhibited in 
m for invariant star-products on their coadjoint orbits, with application to the construction of 
an adapted Fourier transformation. 

In this paper, we are interested in the one-sheeted hyperboloid orbits of S'L 2 (M) [29], also 
called two-dimensional anti-de Sitter space, AdS 2 '■= S'L2(M)/S'0(1,1). To compute its star- 
exponential, we want to dispose of a non-formal s[ 2 (M)-covariant star-product geometrically 
adapted to AdS 2 , and to this aim, we will look at its natural contraction. Let us first show that 
this contraction of AdS 2 corresponds locally to the symmetric space M := S'0(1,1) k 
called Poincare coset. The global picture is however given in the conclusion of this paper but it 
is not needed now. 

This curvature contraction is induced by the contraction of Lie algebras: 

S[ 2 (M) —^ so(l, 1) K 

that corresponds to the limit t —)• 0 in the following three-dimensional real Lie algebra table: 
[H, E] = 2E, [H, E] = -2E, [E,F]=tH, 

where is isomorphic to gi ~ s[ 2 (M) for every t > 0, while go ~ so(l, 1) >< M^. 

The above contraction of Lie algebras induces a geometric contraction at the level of naturally 
associated symmetric spaces. To see this, observe first that setting 

at{H) := -H (Tt{E + F) := E + F at{E - F) := F - E 

defines an involutive automorphism of gt for every t G M. When t > 0, the adjoint orbit of 
the element E + F in Qt then realizes a symmetric space Mt admitting (gt,(Ti) as associated 
infinitesimal involutive Lie algebra. 

One gets a local chart on Mt by considering the open orbit of the base point E + F under the 
action the Iwasawa factor S := exp(MLf © ME): 

(p(^t) ■ MH © ME —> Mt : {a,£) i-->- Ad^aH^eE{E + F) . 

Within this local chart, the geodesic symmetry at the base point E + F in Mt corresponds to 
the mapQ 

^(0,0) •= (-0 - log(l -£) 

whose maximal domain is the open strip \l\ < 

^The expression of the symmetry centered around another point is easily computed from the S-equivariance 
of the symmetric space structure. 
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Note that in the limit t —>■ 0, the symmetry becomes global = —id), realizing the canonical 

(non-flat) symmetric space structure on M = Mq = 1) >< M^/M: 

s|°^^)(a',/) = (2a — a', 2cosh(2(a — a'))£ — /) . 

All the ^-products on M that are invariant under the symmetries are known in a 

totally explicit way |lfl) . Of course, while S-invariant, none of them is SL 2 (]^)-iiivariant, even not 
at the infinitesimal level. However, the contraction procedure is somehow partially remembered 
at the limit t —)■ 0: every such ^-product turns out to be s[ 2 (M)-covariar!t in the sense that the 
classical moment mapping 

aW : s[ 2(M) ^ C~(Mt) : X ^ (1.1) 

when restricted to the image of the local chart still yields a Lie algebra homomorphism into 
the ★-product algebra at the limit t —)■ 0. It means that if one endows C°°{M)[[9]] with a 
S'0(1,1) >< M^-invariant ★-product ★g, the map 

5[2(M)^ (C“(M)[[0]],4) : X ^ (4)4^) 


is a homomorphism of Lie algebras for every t > 0. 


In view of the fact that this contraction process is entirely canonical, it is tempting to study 
its possible relation with the representation theory of 5^2 (M) and in particular to investigate 
whether it reproduces the unitary irreducible representation series canonically associated to the 
AdS 2 -orbits i.e. the principal series. 

This is what is done in the present article within a non-formal star-product (i.e. operator 
algebraic) approach. More precisely, we here consider the non-formal ^(^(l, 1) k M^-invariant 
product ★g (9 G Mq) on L‘^(M) defined in |T3]. Setting the Hilbert algebra Ag := (L‘^(M),-k\) 
and denoting by 911b(A6i) its von Neumann algebra of bounded multipliers (see in particular 
d), we prove that the formal Lie map ( |1.1[ ), say at t = 1, actually exponentiates to a weakly 
continuous group morphism: 

: 5L2(M) ^5Jlb(A0) . 


After a presentation of the geometric context in section the explicit expression of on 
the generator F in some coordinate chart <l>re is directly computed in terms of Bessel functions 
in section by constructing the spectral measure of the differential operator involved in the 
defining equation of the star-exponential. On another coordinate chart and with another 
star-product jjg (already considered in [E]), the star-exponential £y is expressed in terms of the 
principal series representation associated with the A(i5'2-orbit in section]^ 

Then, we want to relate both star-exponentials, expressed with Bessel functions and 
Tjjg expressed with the principal series representation, so we need an intertwiner between the 
corresponding star-products. Three different methods are presented to obtain explicitly a unitary 
intertwining operator W between fte and -kg in section]^ In order to get unitarity of W, we need 
two copies of the range, namely Ag © A^g, so that we rather proved that the associated left- 
regular representation 

9 ^ {£4(9) *0 •, £*\gi9) *-e •) 

is unitarily equivalent with V^{g) © id. In section]^ we get a nice geometric interpretation of 
these two copies in terms of the global curvature contraction of AdS 2 - As an application, we 
end this article by deriving from the comparison of T*i(e*'^) and W(£^g(e*^)) a new identity on 
Bessel functions. 
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2 Star-products for Anti-deSitter space 

2.1 Adjoint orbits of S'L(2,]R) 

Let us fix the notations. We consider g := s[(2,]R) the Lie algebra of the group G := 5'L(2,M). 
We choose a basis of g satisfying the following commutation relations: 

[H, E] = 2E, [H, E] = -2E, [E, F] = H. 

The maximal compact subgroup of G is isomorphic to 50(2) and its Lie algebra is generated 
by the element E — F. 

The Lie algebra g can be (Cartan) decomposed as a direct vector space sum t © ^, where 
ip = {H, E + F) is the orthogonal complement for the Killing form of the Lie algebra t = (E — F) 
of 50(2). The Killing form /3 on g is given by : P{X,Y) = g Tr(adxady) (this normalization 
differs from the usual one). Furthermore, the Lie algebra g can also be (Iwasawa) decomposed 
as 

g = f © a © n, 

where o is a maximal abelian subalgebra of ip, and n is the nilpotent algebra obtained as the sum 
of the positive root spaces of a, for some choice of positiveness on a*. Here we choose o = (H) so 
that the roots are —2H*, 0 and 2H*, and with the natural order we get n = {E). The Iwasawa 
subgroup of G = 5L(2, M) will be denoted by S, its Lie algebra is exactly s = a © n. 

Let us consider the adjoint orbits of 5L(2,M). For k G M, fix := + nF G g and 

Ok = AdG(oK) the adjoint orbit of under the adjoint action of G. The case k > 0 corresponds 
to the Anti-DeSitter space, k = 0 to the positive half-line along E, while k < 0 corresponds to 
the hyperbolic plane. We will assume in this paper that k > 0. The Kirillov-Kostant-Souriau 
(KKS) symplectic form defined on the adjoint orbits of G can be written as follows 

where /3 is the Killing form of g as above and X* is the fundamental vector field associated to 
A G g, defined at a point 2 G g on / G G°°(g) by X*f = 

We will consider the coordinate system : s —)• on the orbit given in terms of the 

Iwasawa subgroup §: 

^^{aH + iE) := Ad^aH^eE (o^) = k£H + (1 - Kf)e^^E + ne-^^F. (2.1) 

It turns out that <1 >k is a Darboux chart, but its image only corresponds to half of the adjoint orbit 
(see Figure l|. As we normalize the Killing form such that /3(iL, H) = 1, P{E, F) = P{F, E) = ^, 
we have := = Kda A di. In this chart, the action of S corresponds to the left- 

multiplication. 

The adjoint action of G on s ~ (in this coordinate system) is strongly hamiltonian with 
moment map A given explicitly by 

XH{aJ)=£K, A£;(a,^) = XF{a,£)= ^^ 


2.2 Star-products and star-exponentials 

Set 0 G M*. The coordinate system yields a subspace s of isomorphic to on which we 
can define the Moyal product in the direction of the symplectic form Atda A d£. It is given by: 
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Figure 1: The two charts and on AdS2- 


for Schwartz functions fi, f 2 £ 

2 p 

(/i f 2 ){a,i) ■=:^ J (2.2) 

Such a Moyal star-product is g-covariant but not S-invariant. One prefers to deal with a star- 
product on S ~ s with symplectic form nda A di, which is S-invariant for the left action on S, 
or equivalently for the coadjoint action on s. It is also g-covariant, it was explicitly found in [9] 
and has the expression 


(/i *e f2){aj) ■■= 


7r202 

/i(ai, ^i)/2(a2, ^ 2 ) e 


■\/ cosh(2(ai — 02 )) cosh( 2 (a 2 — a)) cosh(2(a — oi)) 

smh(2(ai—a2))£-hsinh(2(a2—a))£i-\-sinh(2(a—ai))£2 


daida2d£id£2- (2.3) 


Actually, it can be obtained by intertwining the Moyal product fi /2 = Toi((Tg^^/i) 
(^^ 01 ^/ 2 )) where the intertwiners (which are not S-equivariant) lie: 

Toif{a,£) ■= ^ J \J cosh(^)e^ ^)dtdC 

= ^cosh(^)e-f«“^(T)S+*«/(a,Odtde (2.4) 

Remark 2.1 There is a S-equivariant diffeomorphism with the Poincare coset M := S0{1,1) « 
M^/M ~ S. In this point of view, the star-product -kg introduced above coincides with the natural 
star-product on M, namely the unique star-product invariant under the action of S'0(1,1) k 
and of involution {a,£) 1 —>■ (—a, —£) [10]. It explains why we will consider it in the following and 
why we are interested in its associated star-exponential. ♦ 
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It turns out that these products give rise to complete Hilbert algebras and 

(L^(S),*g) for the usual complex conjugation and the standard scalar product. We call them 
Hilbert deformation quantizations m and we can consider the left von Neumann algebra (type 
loo factor), which will be expressed here as bounded multipliers of the Hilbert algebra. 

Recall that a complex algebra with involution and scalar product is a Hilbert algebra if 

V/i G A, 

(/2,/n = (/i,/2), (/r/ 2 ,/ 3 ) = (/2,/r-/3), 

if the map Xf^ : /2 G A 1 —)> /i -/2 is bounded for the norm ||/|| := -y/(/, /), and if the set 
{/r/ 2 , fi G A} is dense in A. 

Suppose that A is a complete Hilbert algebra, it is in particular a Hilbert space. Its left von 
Neumann algebra can be expressed as the left part of bounded multipliers 9JIb(A) [IH] that are 
pairs T = (L, R) of bounded operators on A satisfying V/j G A, 

fvHh) = R(/i)-/2. (2.5) 

We have the equivalent characterization that L is a bounded operator on A satisfying 

L{frf 2 ) = R(/i )-/2 and R{f) = (L*(r))N (2.6) 

Note that any unitary *-isomorphism : A —> B between two complete Hilbert algebras can be 
extended to the bounded multipliers 


!>: m^A) ^ imb(B), (2.7) 

by $(r) := (^> o L o $- 1 , o R o $-1). 

We note 9It*o(M^) and 9JT,,,i(S) the bounded multipliers algebras associated to the Hilbert 
algebras (L^(M^),*g) and (L^(S),*g). These von Neumann algebras will be very useful as func¬ 
tional spaces to characterize the non-formal star-exponential. The intertwiner Toi is actually 
a unitary ^-isomorphism between these two Hilbert algebras. Even if the group G = SL{2,M) 
does not stabilize the spaces and S seen as part of the adjoint orbit Ok via the coordinate 
system we can consider the space generated by the moment maps Xh, Xe and Xp- Since the 
star-products are g-covariant, such a space has a Lie algebra structure for the star-commutator 
and it can also be denoted by g: 


[Xh,Xe]j = -2i6XE, [AiTjAF] j = 2i9XF, [A£;,A_p] , = -iOXn, 

-Kq -Kg Xgi 

for j = 0,1, and where one understands these functions Ax {X G g) as unbounded operators 
acting by left ^^-multiplication. It means that g is a symmetry in the sense of m for the 
Hilbert deformation quantizations (L^(]R^),*g) and (L^(S),*g). Therefore, the (non-formal) 
star-exponential of this symmetry is well-defined 


00 - 

k=0 



as being a unitary (bounded) multiplier and we have E^i{^Xx) = 
Ax- Moreover, this star-exponential satisfies the BCH property 


'^oiE^o{^Xx) since ToiAx = 


Z ■ 2 Z 

*e = -^*K^Abch(x.y)) 
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if BCH(X, Y) is defined. In particular, note that 


QjS ^TTi 

BCRiaH, iE) = aH + — r^E, BCRiaH, mE) = aH + — 

sinh(a) sinh(a) 

A (1 I .li Ptd ^ 1 

BCH(£F,mF) =- ^ ^ -{-imH + iE + mE) if im > 0. 

Jim + ^ 

The ax + h part of the symmetry (S C G) was studied in [T3] and its star-exponential was 
explicitly computed 


E^,o{-t\H){a,l) = e s 


E^o{-tXE){a,l)=e^e^^- 


( 2 . 8 ) 


In the following, we want to compute explicitly the star-exponential of the last generator Xp 
of the symmetry g, to express the link between this star-exponential and the principal series 
representation of SL(2, M) and to integrate the star-exponential at the level of the group. 


3 Direct computation of the star-exponential 


3.1 Resolution of the equation 

Let us solve the dehning equation of the star-exponential of Xp 

dtE^oC-tXF){a,l) = ^XpjE^oC-tXF){a,l) 

with initial condition E^o{^tXF) = 1 for t = 0. We use the star-product instead of the 


natural for more simplicity in this equation, but we know explicitly the intertwiner Toi (2.4) 


between both star-products. Actually, we will solve this equation with a general initial condition 
/ G L^(M^) to be able to turn it into a multiplier. Note that due to the expression of the Moyal 


product (2.2), this equation is not a PDE but it contains integrals. To obtain a PDE, one can 


first perform a partial Fourier transformation with respect to the variable I 




(3.1) 


Indeed, we compute that 

E(,{Xf J v){a, ^) = (1 + + da)d^ ^a))'^t(^)(®) 0) 

for a function v G 5(]R^). To simplify this expression, let us also perform the change of variables 
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(f : (a, 0 ^ {w, w) := (a a - —^). (3.2) 

We obtain 

dtvt{w,w) = + ^(1 + (3.3) 

if we denote vt{w,w) the image of the star-exponential vt = E^o^tXp) by the above transforma¬ 
tion {ip~^)*oEi. To solve this PDE, we choose a new unknown function ut{w, w) = e^~'^vt{w, w), 
and the equation becomes: 

dtut{w,w) = + ^—dlPjut{vj,w). 
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The corresponding general initial condition is uo{w, w) = ^ f{w, w), with / := {ip ^)* oTi{f) 
(or take f{w,w) = ‘^5{w — w) to recover directly the star-exponential). If we change the 
variables once more q := we get 

% 1 
dtut{q,w) =--^Dut{q,w), with D :=-dg --dq - 

The equation of eigenfunctions of D associated to an eigenvalue A G C turns out to be an 
adaptation of the Bessel equation of order 

+ -^dqif + (A + -^)ip = 0. (3.4) 

The general solution is known (see 13ZI p. 97]) to be the following linear combination of Bessel 
functions of the first (J) and second (T) kind: 

ip{q) = KiJ,^{\fXq) + K2Yi^{VXq). 

9 9 


3.2 Description of the functional transformation 

Before applying the initial condition to this solution, we want to have a closer look on the 
transformation / := ((/?“^)* o J-(,{f) with given by (3.1) and ip by (3.2). It has the form 


f{w,w)= I f{-{w + w),e)e-^^^^-^^^di, 


(3.5) 


with new variables {w,w) := ip{a,^) belonging also to M^. The star-product the complex 
conjugation and the scalar product can be transported by this functional transformation and 
we then obtain a (continuous) matrix Hilbert algebra. 


Proposition 3.1 Transported by (3.5), the Moyal product (2.2), the complex conjugation, 
and the scalar product have the form of the standard matrix product, transpose-conjugation 
and scalar product on continuous matrices. Namely, we have for any fi, f 2 G L^(M^), 


hhh(w,w) = 


fi{'w,ri)f 2 {r],w)dr}, 


f*{w,w) = f{w,w), 
...2 r 


(3.6) 


(/l,/ 2 ) = ^/ fi{w,w)f 2 {w,w)dwdw. 


{L"^(S?), ig) is then a Hilbert algebra. 


We note 911ig(M^) the corresponding bounded multiplier algebra. Then, the transformation (3.5) 
extends as a spatial isomorphism of von Neumann algebras 911^o(M^) —)• 91T*g(M^). 

Proof It is direct to obtain the expression of the product, the involution and the scalar prod¬ 
uct on L^(M^). By definition, the transformation (3.5) is a unitary *-isomorphism, so that 
(L^(M^),A 0 ) is a Hilbert algebra. ■ 
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3.3 Orthogonality relation 


For a real order G M, there is a well-known orthogonality relation for Bessel functions given 
by 

5{k - k') 


rJy{kr)Jy{k r)dr = 

1+ k 


(3.7) 


understood in the distributional sense, for k and k' positive. However, this identity does not 
extend directly to the case of pure imaginary order z/, and involving real Bessel functions. In this 
section, we will determine such an extension by using the method of Sturm-Liouville expansion 
[311 [381136]. This orthogonality relation will be associated to the spectral measure of D which 
will give directly the star-exponential. 

To this aim, we consider real Bessel functions corresponding to a pure imaginary order. See 
m for the definition: 


Ju{q) ■■= - 


1 


sinh(^ 




Mq) := w 


1 


sinh(^ 


-^{Y^u{q)). 


By using the Liouville transformation ^{q) e-)• ^Jq(p{q), the extension of Equation (3.4) with an 
arbitrary spectral value A G C becomes 


<p"{q) + [^ + ^{\ + ^ 


= 0 . 


(3.8) 


We fix z/ = ^ and consider the case where A = > 0. Then the real solutions of this 

equation are ^/qJuisq) and ^Y^{sq). In the notations of [36], we look at the following system 
(0, z?) of solutions with conditions 

4>{a,s‘^) = 0, (/>'(a, s^) = —1, z?(a,s^) = l, id'{a, s"^) = 0, 

for a fixed value of the parameter a G M>o. We find 

4>{q,s‘^) = ^y/aq{Yu{sa)X{sq) - Jv{sa)%{sq)), 


TT 

TTS 


^{q,s^) = ^^{{Y'isa) + ^^)Msq) - {^{sa) + '^^)Yu{sq)). 

In the terminology of the Sturm-Liouville theory, the bound q = -|-cx) is a limit point case and 


m2{s^) = 


Jl{sa) + iYl{sa) 
Ju{sa) -b iYy{sa) 


is defined such that the continuation of '&{q,s‘^) + m 2 {s‘^)(j){q, s'^) to ^(s) > 0 is in L^(a, oo) in 
the variable s. For this, use the asymptotic expansions 

Ji^iq) = \ f^cos{q - j) + 0{q~^, %{q) = ,/^sin(g - ^) + 0{q~^. 

V vrg 4 y Tvq 4: 

For the bound g = O"*", we are in the limit circle case and 

'Yl{sa) — 2svJl{sa) 




2a ^Y^{sa) — 2svJi,{sa) 
corresponds to a well-chosen point of this circle. For s > 0, mi(s^) is real and we have 


vra 


mi(s^) — 7712(5^) 7 2 ( 1 -b ds^z^^) 


-{Yu{sa) — 2sv Jv{sa))‘^. 
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Consider now the other case for the eigenvalue A = —s^ < 0 (s > 0), we can proceed in a 
similar way by using the solutions ^/qlv{sq) and ^K^{sq), with real functions [21]: 


Uq) := miiuiq)), Ku{q) ■= K^q)- 


We find explicitly 

4>{q, -s^) = y/m{Ku{sa)iy{sq) - iy{sa)ky{sq)), 

^{q, -k) = Sy/aq{{kl{sa) + ^i^^kksq) - (I'uisa) + )k^{sq)). 


2as 


Then, 


m2{-s^) = - - 


skl{sa) 


2a ky{sa) 


mi{—s^) = —-- s 


Iy{sa) + 


sinh( 7 rt^) 

2ttu 


k'Asa) 


^/i,(sa) + 


sinh{7rt^) 

2ttu 


kv{sa) 


so that —O' 


= 0 . 


^ mi {—s^)—m2{—s^) ^ 

We are now in position to apply Formula (3.1.12) of [Ml page 53] and Formula (3.1.5) of 
IMl page 51] to determine the spectral measure of the differential operator involved in Equation 


(3.8). We obtain the measure 2 {i+As‘^v‘^) — 2sz/Jj^(sa))^dA for positive spectral values 

A = and the measure 0 for negative spectral values. To summarize, we obtained the following 
result. 


Theorem 3.2 For positive q, q' and real v, we have the following orthogonality relation 

^ ^ c I 

J {y^sq) - 2si'Ju{sq)) (W(sg') - 2suJ^{sq')) ^ ~ 

understood in the distributional sense. 


(3.9) 


3.4 Construction of the star-exponential 

Remark 3.3 The operator D = —d^ — ^dg — defined on 2?(M) admits selfadjoint extensions, 
since its defect indices are equal by Sturm-Liouville theory. Such a selfadjoint extension, also 
denoted by D, can be decomposed with its spectral measure. ♦ 


Let us determine the spectral measure of D. We saw in Theorem 3.2 what is the spectral 


measure of the operator —d^ — the orthogonality relation indeed corresponds to the 

resolution of the identity of this operator. So we deduce that the kernel of this operator is given 
by the same spectral integral, but with multiplication by the eigenvalue 


I<^'iq,q')= A^{q,s)A^{q ,s) 


1 + 


6»2 


ds 


where we set A^ {q, s) := {sq)—2s^J^ (sg). To get the operator D, we perform the inverse 

~ir ~ir ~e~ 

Liouville transformation, which consists here to intertwin this operator by the multiplication 
operator so that the kernel of D is 


KD{q,q') = q 


^ygiq, s)A^ 

e e 


Aq\s) 


1 + 


iKs'^ 


ds. 
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Note that for any measurable function / on M_|_, we have the explicit expression of the functional 
calculus f{D), with kernel 


Kf(^D){q,q) = q [ (g, s)A^ (g, s) ds- 

Jo s e 1 + 


Since ut{q,w) = e 9^^UQ{q,w), we obtain 


ut{q,w)= q' e A^{q,s)A^{q ,s)uQ{q ,w) 


to Jo 0 e 

_ V2k -w „„ j „-r, 


1 I 

-L + 02 


dsdg^ 


We change the variables q = and q' = and the function vt{w, w) = e w): 


vtiw,w) = ^ [ [ e ^ ^,s)A^(^e ^,s)f{7],w)- —^dsdr/. 

Jr Jo e tJ e tJ 1 + 

(3.10) 

The next result summarizes this section by giving the explicit expression of the non-formal 
star-exponential of Aj?. 


Theorem 3.4 After transformation (3.5), the star-exponential of Xp is the multiplier associated 
to the function 


1 A'TT 


I 

Jr. 


e-^^^AMJ^e-^,s)AM 

e u e tf 






1 + 


4k;s^ 


ds. 


Proof We saw in Proposition |3.l| that (L^( 
where the star-exponential of Ai^’ exists and is well-defined (see section 2 . 2 ). So, the star- 


, Xe) is a Hilbert algebra isomorphic to (L^(]R^), *g) 


exponential Ei,g{^tXp) is also well-defined as a bounded mnltiplier and it satisfies Equation 
(3.3). More precisely, the left multiplication by the star-exponential (^tAir)*^/ satisfies 


Equation (3.3) with initial condition /. 


Since e is a unitary operator, we see directly that (3.10) is a bounded solution of 


And it is straightforward to show that it is also the left part of a multiplier (see L 


in (2.6)): vt{fiX 0 f 2 ) = vt{fi)Xef 2 - By uniqueness of the star-exponential, we deduce that (3.10) 


corresponds exactly to E:;^JftXp)Xgf. 


This star-exponential, or more precisely its image by the intetwining operator from *0 to * 0 , 
then corresponds to the geometric information that we wanted to compute for the moment Xp, 
and to realize on the (local) contraction of AdS 2 for its natural star-product * 0 . We want now 
to express its link with the principal series representations. 


4 Link with principal series representations 

An application of |16j to the group 5^2 (M) gives the star-exponential of this group for another 
star-product in terms of the principal series representations. This other star-product actually 
coincides with the Moyal-Weyl product on another coordinate chart (see also |^). We 
present here this chart we give also another method as in m to obtain the expression of 
the star-exponential and we then show that it is not only a distribution but an element of the 
von Neumann algebra of the multipliers as in section |3.4[ 
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4.1 Another coordinate chart 

To express the star-exponential of the S'L(2,M), for a certain star-product on (a part) of its 
adjoint orbit, as the principal series representation, we need to deal with a coordinate system 
different from the one used in section [2T| 

For K > 0, we consider := y/nH in the adjoint orbit Let us define the coordinate 
system 4'^ : 1^^ —t by 

-I- yF) := EgyF{Hf^) = ^/^(l -|- 2xy)H - 2^/Kx{l + xy)E + 2y/KyF. 

Tk is also a Darboux chart and its image corresponds to the whole Anti-deSitter space except 
one line. The KKS form is uj^ := = ^/Kdx A dy. The image of is not invariant under 

the action of 5L(2,M) but it is for the action of the subgroup S. In this chart, this action of S 
can be written 

Ad^aH^iEdf^ixF + yF) = d>^{{x + £)e‘^^E + ye-^’^F). (4.1) 

The image of contains exactly the one of the one of and the line {y/K{H—2xE), x G 
M} (see Figure [^. One has in particular the following change of coordinates '■= 4'“^ o 1)^ : 
—)■ M X between the systems and 

j^{aH + iE) = {£- -^)e^^E + (4.2) 

V ^ z 

The moment maps A for the action of G expressed in the coordinate system are 
>^H{x,y) = y/K{l + 2xy), Ae(x, y) = \/Ky, XFix,y) =-^/Kx{l + xy). 


The part of the adjoint orbit corresponding to the coordinate system is symplectomorphic 
to with symplectic form y^dx A dy, so that we can consider the Moyal product. It has the 
expression: for /i ,/2 G 5(M^), 


(/itte/ 2 )(x,y) := 


/i(xi,yi)/2(x2,y2)e"^("i^^-"2^i+"^"-""^+""i-"i^)dx,dyi (4.3) 




Note that this Moyal product in this coordinate system is very different from (2.2) as you have 
to use the change of coordinates (4.2). The asymptotic expansion of (4.3) writes 


/ -i9 


{Mef2){x,y) exp - dy^dx2)j fi{xi,yi)f2{x2,y2)\ 


\Xi=X2=x, yi=y2=y 


The star-product is also S-invariant and g-covariant, so that the star-exponential E^g(^Xx) 
{X G g) is well defined in the bounded multipliers 91ljg(M^) of the Hilbert algebra (L^(M^), (ie)- 


4.2 Resolution of the equation 

Let us find the explicit expression of the star-exponential E^^^^Xx) as before. We will see that 
in this coordinate chart, the equations will be easier and one can solve them for arbitrary A G g. 

For X = aH -I- j5E + yF in g, the defining equation of the star-exponential of Ax is given 
by 

dtvt{x,y) =-Xxhvt{x,y). (4.4) 

As before, we take a general initial condition uo(x,y) = f{x,y), with / G L^(M^). 
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Let us use the same functional transformation u i—)> h (3.5) as before to obtain a PDE. After 
the partial Fourier transformation in the variable y, we change the coordinates into 


z = X + 


2-y/7t 




z = X — 


2y/K 




with {z,z) G (note that there is a change of normalization with respect to (3.5)). Then, we 
can compute partial Fourier transform of the left multiplication by moment maps: 

• J^y{XHUv){x,0 = + i6)v + 2i9zdzviz, z), 

• Ty{XEh'>j){x,^) =i6dzV, and 

• Jy(A_p(ieu)(x,^) = -{y/K + i6)zv - iOz'^dzV. 

Then, Equation ( |4.4[ ) becomes a PDE of order 1: 

dfVtiz, z) = ^ ^a(\/K + iff) + 2iaffzdz + ijiffdz — 'y{y/~K + iff)z — iff^z^d^vt{z, z). (4.5) 

Let us concentrate on the part of order one in the derivatives of this equation. It is given by 

dtut{z, z) = { - 2az -13 + '^z^)dzUt{z, z), 

together with the initial data uo(z,z) = f(z,z). We look for the integral curves Y{t,z) of 
the vector held (—/3 — 2az + 'yz‘^)dz with initial condition E(0) = z; they satisfy the following 
equation: 

dy 

— = -/3-2ay + 7y2, 

at 


The solutions are Y{t,z) = M{t).z where the stereographic action of S'L(2,M) is given by 


a b\ _ az — c 

c d) —bz + d’ 


(4.6) 


r := y/o? + (3^ and the matrix 


M{t) := 


cosh(rt) — “ sinh(Tt) 4 sinh(rt) 

^ sinh(rt) cosh(rt) + - sinh(rt) 


_ —atH+ytE+ptF 


with X = aH + j3E + 'jF. So we have M{t) = a{e^^) where 


a 


a b 
c d 


d c 
b a 


is a group automorphism and an involution. At the end, we obtain the solution of the order 1 
part of the PDE as 

= f{M{t).z,z). 


We come now to the general equation (4.5). If we try the Ansatz vt = ptUt where ut was 
determined just above, and pt depends on the variable z only and with the initial condition 
poiz) = 1, we hnd the following equation for pp. 

dtpt = ((-/3 - 2az + 'yz‘^)dz + ^{^/K + iff){a - 'yz)'jpt{z). 
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Let us choose new coordinates: 


t'= t, z'= Y{t,z) = M{t).z. 


Therefore, df = dt + {ji + 2az — ^z^)dz- This gives the following equation on pt, in the new 
coordinates 

dfpt'iz') = - jM(t')~^.z')pt'(z'), 

which admits as solution the function p given by 

■ r~ 

Pt'{z') = exp - (1 - --f J M{s)~^.z'ds 

This yields the following expression for the solution: 


.z,z). 


Vt{z,z) = exp ^ - {1- j J M{s).zds 

A long but straightforward computation shows that 

(cosh(rs) — - sinh(rs)) 2 ; — ^ sinh(rs) 


M{s).zds = 


Iq — ^ sinh(Ts)z + cosh(rs) + ^ sinh(rs) 


ds 


= — (at — log ( coshlrf) + 
7 


a — jz 
-sin. 


Then, the solution takes the form 


Q/ — '^Z 

Vt{z, z) = cosh(rf) H-sinh(rt) 




f{M{t).z, z) = (V+’^'^(M(t)} 0 id)/ (z, 5) 


where 7^+’*^ denotes the principal series representation of the group SL{2, 

V 




(4.7) 


—hz + d 

the parameter is ^ := — ^ and the left (resp. right) part of the tensor product acts on the 
variable z (resp. z). We obtained here a simple solution of the Equation (4.5) in terms of the 
principal series representation and of M(t) = cj(e*^). Up to differences of notations, it coincides 
with the star-exponential of m- 


4.3 Star-exponential as principal series 

We denote by 

Ltx{f){z,z) = (^(P+’*'"(o-(e*^)) (8)id)/)(z,z) 

the previous solution to take into account the dependence in the initial condition / G L^(]R^). 
Let us identify it with the left multiplication by the non-formal star-exponential Ej^{^tXx)^ef ■ 
We can prove directly that this solution is a bounded multiplier. 

Lemma 4.1 For X ^ q, the solution Ltx corresponds to a unitary multiplier in 5!Jtg^(M^). 
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a b 
c d 


and the unitarity condition 


Proof For any / G and fixed t, we write M{t) = 

is obtained by 


||^x(/)f = ^ j \Lx{f)iz,z)\‘^dzdz = j \-hz + d\ ‘^\f{M{t).z,z)\^dzdz 

= ^/ \fiz',z)\‘^dz'dz = ll/f, 

if we perform the change of variable z' = M{t).z of Jacobian \ — bz + d\~‘^. To prove that Ltx 
is the left part of a multiplier, just check that 

Ltx{Meh){z,z) = \-bz + d\~^"^'''^^ J fi{M{t).z,rj)f 2 {r],z)drj = LtxifiThhi^^z) U 


Theorem 4.2 For any X G g, the solution Ltx given in terms of the principal series represen¬ 
tation coincides with the non-formal star-exponential Ej^(^tXx)- 


Proof There are two ways to prove this identihcation. First, one can proceed as in section 
3.4 The operators {^/K + iO) + 2i9zdz, iOdz and —{^/K + i9)z — i9z‘^dz are symmetric, which 


proves the uniqueness of the solution of the defining equation. And it has to identify with the 
star-exponential also satisfying this equation. 

the solution Ltxif) is a unitary multiplier. In a 


We sketch the other method. By Lemma 


4.1 


similar way, one can show that 1 1 —>• Ltx{f) is a strongly continuous one-parameter group valued 
in the unitary multipliers, so that the Stone theorem applies and this group is the exponential 
of a anti-selfadjoint operator. By using the defining equation, we conclude that this generator 
is gAx and that this one-parameter group is the non-formal star-exponential. ■ 


Note that the BCH property is a consequence of the fact that the principal series is a 
representation. Moreover, this fact implies also that the star-exponential can be dehned at the 
level of the group G = SL{2,R). Setting := Ej^{t\x), we have the following result 

showing a better regularity than in m- 

Proposition 4.3 The star-exponential at the level of the group G is a continuous map 

for the weak topology of (M^), as well as a group homomorphism. 

Proof First, due to the expressions of Ltx in terms of the principal series, the star-exponential 
:= Ej^{tXx) induces a well-defined map : G —)• that takes the form 


£j^{g)hf = ® id)/, (4.8) 

for any g & G and / G L^(]R^). Since a is an automorphism and is a continuous representation 
(for the weak topology), we deduce that the left multiplication is continuous in the variable 
g ^ G. Group homomorphism property is a translation of the BCH property at the level of the 
group. ■ 
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5 Computing intertwining operators 

In section we obtained the non-formal star-exponential of Xh, Xe and Aj? in the natnral 
coordinate chart associated to the contraction of G = SL{2,M), and for the Moyal star- 
prodnct In order to link it to the principal series, we saw in section]^ the star-exponential 
of any generator Ax in the other coordinate chart and for the Moyal product (Jg of this other 
coordinate chart, and we were able to obtain this star-exponential at the level of the group G. 
Now, we would like to compare these two expressions of the star-exponential. 

To this aim, we have to find a (unitary) intertwining operator W between the Moyal product 
tie on Tk and the Moyal prodnct *0 (or equivalently the product related by Tqi) on We 
give here three different methods to find explicitly such an intertwiner. We expose these three 
methods because they are somehow general ways to obtain explicit intertwiners between star- 
prodncts and we believe they can be used in various different contexts. 

5.1 Method via quantizations 

Let ns expose the first method that uses quantization map associated to the star-products. More 
precisely, the star-products He and have associated quantization maps 11 and 11^, which are 
both eqnivariant nnder a common symmetry S. Then, taking the inverse of one qnantization 
map composed with the other quantization map (presented on the same Hilbert space) gives the 
intertwiner. This method comes from ideas of retract with shared symmetry. 


5.1.1 Quantization of 


First, we want to express the qnantization map associated to on the chart defined by 
The Moyal product is of course associated to the Weyl quantization. However, in order to see 
the equivariance of this quantization with respect to a larger group of symmetry, let us proceed 
as below. Indeed, the shared symmetry S will be part of the translation group and also part of 
symplectic group for which the Weyl quantization is also equivariant. 

Let X M be the Heisenberg group. We denote by eo, ei the generators of the M^-part 

and Z the generator of its center. Let ^,E,F the generators of Sp{2,M) acting linearly (by 
matrix action) on (M^, ^/Kdx A dy). We denote by S the snbgroup of Sp{2,MX) x Sj generated by 
and eo, which is isomorphic to S, and by G_ the one generated by E, eo, ei, Z. We have the 
following relations: 

[K, E] = AE [H, F] = -AF 

[H, eo] = 2eo [H, ei] = -2ei 

[E, ei] = eo [eo, ei] = Z. (5.1) 

We denote G = RH x If, it is a subgroup of G. Let 


/ g2a 

{a,q,v,t) := (( Q 


0 \ 

g-2a 1 >9eo 


vei^tZ) 


a coordinate system of G and the group law yields in this coordinate system: 


{a,q,v,t)-{a ,q ,v',t') = {a + a',e q + q'v + v',t + t' + ^(e qv -e^^-'vq)). 


2a' 


.-2a' 


.2a'„ 


The coadjoint orbit of this group associated to the form ^/KZ* can be expressed as 

= ^{2qvH* - ve-^^el + qe'^^el + Z*). 
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We see that {q' = v' = e ) forms a coordinate system of the two-dimensional space 
Ok- The KKS form is ^/K,dq' A dt>'. The action of an element (a, := e“—of S C G on 


can be read in this chart as {a, i)-{q',v') = {{i + q')e^°‘,v'e which is the same as (4.1), so 


that this coadjoint orbit coincides S-equivariantly with the symplectic space (M^, y/ndx f\<iy) 
corresponding to the chart of the adjoint orbit of G = 5L(2,]R). 

We use Kirillov’s orbits method to construct a representation of G. b := {^,ei,Z) is a 

polarization affiliated to this coadjoint orbit, and y;(a, 0,u,t) = on the 

subgroup B generated by ^,ei,Z. We denote Q = G/B ~ Meo- The induced representation 
comes from the left regular representation acting on i?-equivariant smooth functions. Since the 
measure dg is not G-invariant, the representation has to be corrected by some weight to be 
unitary. It is given hy U : G —)■ C{L‘^{Q)) with 


U{a,q,v,t)(f{qo) = e “e 


^{t+\qv-e-^‘^qov'^ 


<f{e “go - q)- 


(5.2) 


We can reduce it to the group S: U{a, q,0,0)(p{qo) = e “(^(e ^“go — g). One can also introduce 
an involution on G by 

a{a,q,v,t) = {a,-q, -v,t) 


which is compatible with the polarization. Then, the Weyl-type quantizer 1131 is a map 0 : G —)• 
C{L^{Q)) defined by 

n{a, g, V, t)ip{qo) = U (a, g, u, t)a*U{a, g, v, t)" V(9o) = - 9o), 


which is G-equivariant (and therefore S-equivariant). We can notice that this map is actually 
well-defined on the coadjoint orbit (take coordinates (g' = e^“g,u' = e“^“u)). As expected, 
the quantization map H : L^(Gk) — t C{Lp‘{Q)) defined by 

^{f)^{qo) ■= ^ ( f{q,v')9-{q,v')dqdv' (5.3) 

coincides exactly with the Weyl quantization. We know in particular that Tr(ll(/)0(a, g, v, t)) = 
5 /(e^“g,e“ 2 “u) and that ^{fi^ef 2 ) = 0 (/i) 0 (/ 2 ). 


5.1.2 Quantization of 

We recall here results from m There are two inequivalent irreducible induced representations 
in the unitary dual of S. They can be obtained by the method of coadjoint orbits due to Kirillov, 
with e = ±1: 

U^{a,i)(p{ao) = “°^V(ao - a), (5.4) 

for {a,i) G S, G L‘^{A^) and oq G where we denote by the subgroup generated by H 
of Lie algebra o^, and the sign e on A^ is just an indication of the chosen representation. These 
representations : S — ?• C{L?‘{A^)) are unitary and irreducible. A weight m is a function on 
A^. There is a particular weight: 


mo(a) = 2\/ cosh(2a). (5-5) 

The symmetric structure of S comes from the involutive automorphism a which can be restricted 
to A^\ 

a*(p{a) = (p{—a). (5-6) 
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Then, for m a weight with m(0) = 1, the Weyl-type quantizer is given by 

nl{a,£)ip{ao) := U}{a,£)inmoa*U}{a,i)~^ip{ao) 

= 2v/cosh(2(a-ao))m(a - aO)e^ sinh(2(a-ao))£^(2a - ao). (5.7) 

On smooth functions with compact support, one has the quantization map : P(S) —)• 

C{L^{A,)) 

^lif) - A / f{a,£)n,{a,£)dad£. 

J s 

The normalization was chosen such that 12^(1) = 1. Moreover, it is S-equivariant, that is 
y{a,£) G S : nliiajrf) = U}{a,£)nlif)U}{a,£)-\ 


Moreover, the unitary representation : § —)> C{L‘^{A^)) induces a resolution of the identity. 
Indeed, by denoting the norm ||(^||^ := / |(/ 9 (a)pe^“da and <^(a,^)(«o) = (o,•^)v^(oo) for {a,£) G 

S and G L'^{A^) (such that this norm exists and does not vanish), we have 

. nu ||2 / \^{a,£)){^{a,e)\dad£ = 1. 

This resolution of identity shows that the trace has the form 

" o on I|2 / i‘f{a/),T(p(^a,e))dad£ (5.8) 

for T G C^{L‘^{A^)). As for the Weyl quantization, there is a left-inverse of the quantization 
map given by the formula 

V/ G L\S), V(a,^) G S : Tr{nliml{a,£)) = f{a,£), 


if the weight is unitary: |m(o)| = 1. This quantization is compatible with the star-product: 
^e(/i *1$ m ~ (/i)^e(/a)) where the associative star-product ^ corresponds to (2.3) by 

changing the parameter to eO and also adding a,)m{a a 2 ) ^-j^g integral of ( 2 . 3 ). 

5.1.3 Intertwining operator 


Let us exhibit first an intertwining operator between the representations U (5.2) restricted to 
S ~ S and (5.4) of the group §. In the spirit of the retract method, we define 

Je := f \U{a,£)ipo){Ue{a,£)(pi\dad£ 

Js 

for adapted fo G L‘^{Q) and G L?‘{A^). A direct computation gives: 


Jeipiqo) = Nf, 


e 29 


- 2 “ 0 on 


““V’(«o)dao 


with Nf^ = /§e“e 29 ® ^{p^{a)ipo{£)dad£. We arrange the choice of ipo G L‘^{Q) and ipi G L^(Ae) 

such that Nk = Then, we have 

Proposition 5.1 The operator J := J_|_ -|- J_ : L^(A_|_) © L?{A-) —)• L?{Q) of inverse J* = 
© J* , defined by 

= J+{'ip+)iQo) + J-{'(p-){qo), J*{(f){a+,a-) = {Jl{(p){a+), Jl{(p){a-)), 
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is unitary and intertwines the representations U and Ul. © U}_: 

V(a,£)GS : =U{a,£)J. 


Proof Indeed, the expression of the adjoints is 


E L^{Q) : J*ip{ao) = ^ ^"“°''V(go)dgo- 

Then, it is straightforward to show J*Je = 1, J*J-e = 0 and T+J+ + J_ J* = 1. ■ 

We want to consider the Weyl quantization fl (5.3) but on the Hilbert space L^(H+)©L^(H_). 
Therefore, we dehne H(/) := J~^Q{f)J and adopt a matrix notation H(/)ee/. The computation 
of its expression gives: 


^if)ee'^iao) = / f{q, + e'e-2“))eM'?(--^“°-^'--^“)e-Xa)dadg. 


Finally, we define 

W,if){a,e) :=Tr(H(/),,Hi(a,£)). 

A straightforward computation permits to obtain 

W,{f){a,i) = f v'cosh(2(oo - a))m(ao - a)e^^“M2(ao-a))(£-e-2'^g) 

Try Jm.2 

f(q, cosh(2(ao - a))^daodg 

or with the change of variables rj = sinh(2(ao — o)), 




' f (1+r/^) 4m(^Arcsinh(?7))e e f + rf^dpdq. 

JR2 2 V 2 / 

(5.9) 


Theorem 5.2 For a unitary weight m, the operator HA is an intertwiner between the two 
star-products: 

W,{mef2) = lP.(/l) We{f2), 

which is §-equivariant. Moreover, W := HA- © W- : L‘^(M?) —)• T^(S) © T^(S) is unitary. 

Proof Indeed, we have HA(/itje/2)(o, = Tr(H(/i)H(/2)H^(a, £)) since H(/it|0/2) = H(/i)H(/2). 
In the same way, we have 

W.(/i)*.Vm^.(/2) = Tr(Hi(H^.(/i))^2'(^.(/2))a'(«,^)) 


By using the following property, straightforward to check, 

nl{Tr{Tnl{;-)))=T, 


we obtain that Hg(HA(/)) = H(/), which permits to show that HA is an intertwiner. Since 
H, resp. is a unitary operator from resp. T^(S), onto Hilbert-Schmidt operators 
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£^(L^((5)), resp. {L?{A^)), and since J is unitary (Proposition 5.1), we obtain directly the 
unitarity of W. 

Moreover, by denoting r the action (4.1) of S on T(^a,£)ixjy) = ((® + we 

have 

^(^fa/)/)(«o,4) = hP(/)(«o + a,4 + ^e“'“°) = f^(/)((a,^)-(ao,4)). ■ 


We see here and from Proposition 5.1 that it is essential for unitarity to take two copies of 
L^(S) in the range of the intertwiner W. And unitarity is necessary for relating Hilbert algebras 
or their multipiers. Such a unitary intertwiner preserves all the functional properties of the 
star-exponential when acting on. 


5.2 Geometric method via equations 


In this section, we expose another method, also based on retract ideas of shared symmetries, 
but using geometric considerations and PDE instead of quantization maps. So, this method 
can be used for star-products even if there is no quantization map available. Let us consider 
here only formal star-products. The basic idea to find a S-equivariant intertwiner between the 
star-products and is to notice the following result, in the notations of section 


5.1 


Lemma 5.3 The formal version of the product (4.3) is the unique star-product on (M^,y^dxA 


dy) strongly invariant under G, the group generated hy ]G, E, eo, ei and Z. 

This means that this Moyal product is completely characterized by the action of G, there is no 
need to consider the action of the generator F (which is quite complicated) in the following. 
For X G 0 , we note X* the associated fundamental vector field on M^. Strong invariance of (le 
means that 

VXG0 : [X^J]^^ = -i0X*f 


with A the moment map of the affine action of G on M^. A S-equivariant intertwiner W would 
then leave invariant (or just change the coordinates with j^) the vector fields H*, Cq corre¬ 
sponding to the S-part in G, but W will transform E*, e\ and Z* into ★^-derivations. But such 
derivations can be classified and this gives a strong constraint on W that can be re-expressed 
by a PDE. Solving this PDE produces the possible intertwiners W. 


5.2.1 Equation on the intertwiner 

Let us determine all Lie algebra homomorphisms 0 —Der(s,*g), with conditions on s. 

Proposition 5.4 The set of Lie algebra morphisms D : 0 —)• Der(s,*g) satisfying \/X G s 
Dx = {jT^)*X* is a complex two-dimensional manifold. 

Proof Since the de Rham cohomology of § is trivial, we deduce that all the derivations of the 
formal star-product -kg are inner. For X G 0 , set Dx =■ g[Ax, •]*! where Ax is defined up to a 
constant. D is a Lie algebra morphism, so due to Jacobi identity, we obtain that 

VX,yG0 : A[x,y] = ^[Ax, Ay]^i 

up to a constant term. For X G s and Y G 0 , we have ((jT^)*X*)(Ay) = A[x,y] up to a constant. 
These equations, which are due to the shared symmetry S, are sufficient to obtain the expression 
of D. First, note that = —da and which actually coincide with 

the expressions of H* and E* for the action of § on in the <hK-coordinates. Therefore, we 
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have h-H = \h and Ae^ = \e- Let us now write these equations, for X = H_,eQ and Y = E,ei, Z 
with the help of (5.1): 


— SqAe = 4A^ + ki, —9aAei = —2Aei + k2, 

— e~‘^°'diA.E = ki, = kz + k^, 


—dakz = ^3 

—e~‘^°'d^kz = fee, 


where fc* are undetermined complex constants. The solutions are 

AE = ae“^“, Aei = (/3 — 7^)e^“, A^ = 0 

with a, /3 ,7 complex constants, and up to constant terms. The condition ^[Ag, AeJ^^i = Aep ( 


see 


(5.1)), np to a constant term, implies 7 = We have thus two parameters a,/3 to parametrize 
the set of morphisms of this Proposition: 


Aff = kI, Ae = ae 


- 4 a 


Aeo = 2®" 


Ae, = (/? - Az = 0 . 

oa 


Suppose that there exists an intertwiner W between (Jg and We set := W 

for X ^ g. describe the Lie algebra homomorphisms 0 —>■ Der(q, (jg) that satisfy VX G s, 

= X*. But we saw below Lemma 5.3 that the fundamental vector fields X* (due to the 


strong invariance) give snch a Lie algebra homomorphism. So there exist a, P € C such that 
VXG 0 , 


-1 — 


W-^D'-£^>W = D 


X 


= X*. 


(5.10) 


For X G s (elements of the shared symmetry), this is a tantology. Bnt this equation evaluated 
on the other generators will permit to determine the intertwiner W. 

The Schwartz kernel lemma together with the S-equivariance of W lead us to the following 
form of the intertwiner 

{Wip){a,l)= / K,^{T(^^i)-i{x,y))ip{x,y)dxdy 


where G )D'(M^)[[0]]. Then, Equation (5.10) becomes 


{Dx’^'^)\(^a,e)Kui{'r{a,e)-^{x,y))^{x,y)dxdy = I K^{T(^^^e)-i{x,y))X*f^^y^ip{x,y)dxdy. 


with 


E* = -ydx, el = dy, Z* = 0. 


By integration by part, we have 

We set Kiu{a,i) := X„,(r(a/)-i (0, e)) = X,„(—Z, ee^“) and 

Tx{ky,){a,tj := -X|')^_^)X,„(r(„^£)-i(x,y))|(a,=o,y=e), i-e. Te = -ee~‘^°‘de and Te, = |5a. Within 
these notations, we obtain a simple form for the equation 

D^^’^'>kUa,n) = Tx{k^){a,n). 
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5.2.2 Resolution 


With partial Fourier transform in I as in (|3.1|), an explicit computation using Ae = ae 

,2 


— ^,c- 4 a 


Aei = {{3 — and the expression (2.3) of -kj gives 


TV 




02 


TeDi‘^/^K^{a,0 = e 


2a 




8 q;k 


1 + se 




TiKw{a,^). 

(5.11) 


By setting u{a,^) = J^£Kw{a,^), we obtain the following system; 


02 


/2i/3 


V K 


( + 2 + 2^9g) + 


02 


2a 




8 a«; 


— €- 


1 + Se^ 


5a)n(a,0 = 0 . 


The first equation tells us that u will be a linear combination of a distribution of support ^ = 0 
and one of support 1 + Then, we can plug this form into the second equation. 

For more simplicity and to recover the result of section [TT| we want to find a solution for the 


constant a = ^e. Then, we can check that 


u{a,C) = e 


—3a 


e 2 “ + 


j4a _ I 




i^y/K 




Aa _ I 


is a solution of these equations, with a freedom in the normalization. An easy computation 
shows that it corresponds actually to the intertwiner 


We{f){a,£) = 2“ / (l+r/2) 11^1 + ??2+ry| eT^(^- 

I-nd ./h 2 


g, 2“^! + 7/2jd7ydg. 


where the normalization has been set to preserve the function 1. It coincides with the expression 

i^y/K 2i/3y/K ^ 


(5.9) if the weight is chosen as m(a) = | cosh(2a) + sinh(2a)| s = e e which is unitary. 
Note that the star-product is not affected by this weight m: we have m ~ *e6c 


5.3 Method via star-exponential 

Let us give a third method to construct the intertwining operator IF between and -kg. Knowing 
the expression of the one Toi between and kg , it suffices to determine an intertwiner T between 
He and 4rg. To this aim, we will compute the expression of the star-exponential E^o{ji) and 


E^o{j 2 ) of the coordinates x = ji{a,£) and y = j 2 {a,i) via the change of charts (4.2) (we omit 


the K in the notation Then, the usual exponential in the coordinates coincides with the 
star-exponential for (j^. Pushed by the intertwiner, it gives the star-exponential of x = ji{a,i) 
and y = j 2 {a,£) for the star-product Using Fourier transformation with respect to these 
star-exponential, we can express the intertwiner T. 


5.3.1 Star-exponential of the coordinates 


4.2 


First, let us compute by the method of section 

with /3',p, (7 G M, which is more general as just ^^^(ji) or £'^ 0 (^ 2 ). Note that the coordinates are 


the expression of E^o{p{i + /3')e‘^'^ + q^e 2“), 
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afRne in the variable i so that we obtain PDE of order 1 for the star-exponential. Let ut{a,i) 
be a solution of 

dm = ^(p(^ + (5.12) 


with initial condition uo{a,i) = 1. We apply the functional transform (3.5), so we get 

o - / P 2z/pi I 1 , ~N I -2z '■ f 

dtutiz,z) = -e ( 02 -h 1- -^)utiz,z) + ^—e ut{z,z). 

Kj u 2i\j 

Then, with Z = we arrive at 

d,u, = - —(2Z8z + 1 - 


As in section 


4.2 


we obtain the integral curves X{t,Z) of the vector field —‘^Z'^dz with 


condition X(0,Z) = Z: 


X{t,Z) = 


z 

1 ^z 


And the solution of the part of degree 1 of the equation can be written as ut{Z, z) = /(— 2 ^jz)pt{Z) 

with /(Z, z) = ^ 5(2 log(Z) — z) due to the initial condition. The function pt then satisfies the 
same equation as u. Performing the change of variables t' := t and Z' := X{t, Z) = we 

obtain 


dt.ptiz') = - 


pZ' ip'K , iq^, 1 2pt' , 


With initial condition po{Z) = 1, we find the solution 

A(Z) = exp ( - -(1 - —)log(l + —Z) + —(- + -)). 
Plugging this expression into ut and simplifying, we get 

1 + + Jl + 


£'*o(tp(^ + /3')e^“ + i^ 9 e '^^) = ut{a, i) = -^- 

^ 1 + f 6^“ + V1 + 




pt 


exp ( -^£log(-^e “ -h VI + 


p2t2 


Aa 


^e^‘ + \n + 


exp 


K 

/ijh/Kr 

V 26 


p2-p2 


Aa 


- 1 +- 


-V" +^)y (5.13) 

+ !^ei« '= 


5.3.2 Intertwining operator 

Let us now construct the intertwining operator T between and -kg. We have indeed to distin¬ 
guish the two cases = ±1 as we learned from previous sections. With a Fourier and a Fourier 
inverse transformation, for any function / on M^, we have 

fix, y) = ^2^:0^ j e"®^^^^’''^V(?,?/)^ttfl(P^ + 9y)d^drydpdg 

since E^g(j)x + qy) = for the Moyal product [j^i. So if such an intertwiner T exists, it 

has to be of the form 

Tif)ia,^) ■■= J e-t«P+^'?)/V,r?)F,o(pr(x) + qT{y)){a,i)dCdpdpdq. (5.14) 
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Let us define T as above. We have to choose the values T(x) and T{y) in such a way that 
[T(x),T(y)]^o = T{[x,y]^g). This condition looks like covariance of the star-product and the 
following BCH-like formula will be derived from this condition: 


EAT{x)) *0 E^oiTiy)) = i?,o(BCH(r(x),r(y))). 


(5.15) 


This formula will be the crucial argument to prove that T is an intertwining operator between 
tie and 

Theorem 5.5 The operator T defined in ( |5.14 ) satishes the equivalence: TgioT is S-equivariant 
if and only ifT(x)(a,£) = {£ + /3')e^“ and T{y){a,£) = for /3',7 G M. 


For these values, T is an intertwining operator between 


and -kg. 


Proof First, we notice that 


r(x)(a,£) = ^ / e-^«^e^*o(pr(x))(a,£)d|dp=^ J {dpe-^^nE.o{pT{x)){a,i)d^dp 

= -ie{dpE_,^o{pT{x)))p=o{a,£) = T{x){a,£), 

which does not impose any constraint on T{x). We have the same argument for T{y). 

We recall the action r (4.1) of § on T(^a,e)ix,y) = ((x + £)e^°‘,ye~‘^°‘). With the help of 
(2.4), we have: 


{ToioT){Tl^,^f){ao,£o) = j^ I /((e + £)e2“,r?e-2“)e-t(«P+^'?) 

Ep^{{ToioT){px + qy)){ao,£o)dCdr]dpdq= J /(^', T/')e"5(«V+»?V) 

E,, (p'e2“(Toi o T(x) +£)+ q'e-^^Toi o T{y)) {ao,£o)di'dp'dp'dci 

with a change of variable and using £'^i(p'e^“£)(ao,^o) = (constant with respect to ao,f'o). 

To obtain (Tqi o T)(/)((a, £)-(ao, £o)) as a result, we have to identify p'e^“((Toi o T)(x)(ao, £o) + 
£) g'e“^“(Toi o T)(y)(ao,£o) with (Toi o T)(p'x + q'y)((a,£)-(ao,£o)), for any p',q', since kj 
and so E^i are S-invariant. By taking oq = -^o = 0, we find (Tqi o T){x){a,£) = {£ + I3')e^°‘ 

and (Toi o T){y){a,£) = with free parameters /3',7 G M. Due to explicit computations 

with Toi\ we obtain the desired values for T(x) and T{y). In the following, since it is just a 
renormalization of q, we will take 7 = 1 . 

Note that by an explicit computation, we have 


T{[x,y]ig) 



{£ + (f')e^^ 




[nx),T{y)lo 


which will permit to show a particular case of the identity (5.15). Indeed, let us compute 


E.o {p{£ + /3')e2“ + E,o [p'{£ + . 


It satisfies the equation (5.12) with a change of initial condition: uo{a,£) = E^o^{p'{£ -)- I3')e^'^ 
}^qiQ- 2 ay gy game method as in the computation of (5.13) with another adapted 

initial condition /, we obtain 


E^ 


+ *0 E^o (p'{£ + 

= E,, {{p + p'){£ + /3')e2“ + ^(9 + (5.16) 
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which is the identity (5.15) applied to the present situation. 

Let /i ,/2 be two functions on M^. We will check that T{fiyf 2 ) = T{fi) T{f 2 ). By 


using the definition (5.14) of T and the fact that the Fourier transformation changes the Moyal 


product (je into the convolution 

j e“5(«P+w)(/iij0/2)(^,77)dCdr/= y/i(^,r?)/2(^ - ^ 

we find 

1 f . q 


--,r] + 






E^o{pT{x) + qT{y)){a,i)d^dr]dpdq. 


In the other way, by using (5.16), we have 


T{h)4T{f2){a,£) = j^ I 


E^o{{p + p){i + j3')e^‘^ H —^{q + c()e ^ ^^d^dr/dpdgd^'dr/'dp'dg'. 

0 2 

By performing some integrations, we obtain exactly what we wanted to prove: 

1 


r(/i)*^r(/2)(a,£) = 


(27r0)^ 




EApT{x) + qT{y)){a,£)d^dpdpdq. 


From Equations (5.13) and (2.4), we compute that 


IF+(/)(a,£) := (roior)(/)(a,£) 

1 


(27r0) 


2 / e ‘>^^^^'^'^^fiC,v)Toi{E^o{p{ni ++ ^qe ‘^'^)){a,n)dCdydpdq 


= JLe-2a / 
27r0 /iD2 


2“v^rT^) (??+\/rT^ 


K 


drjdq. 


To find IF_, just replace 9 by —6 and q by —q in TqiE^o in the second line of the above equation. 
We see that for (3' = we obtain exactly the expression (5.9) once again. 

To conclude, we found here by a third method the same family of S-equivariant intertwining 
operator We between (Jg and depending on /? G M. This method is completely different 
method as the two first where shared symmetry S was crucial. Here, we used properties of 
the Moyal product fie, BCH-like formula ( 5.15[ ), as well as explicit computations of the star- 
exponential of the coordinates ji{a,i), and j 2 {a,£). 


6 Conclusion 

6.1 Global curvature contraction of the Anti-deSitter space 


We note from Theorem 5.2 that unitarity of the intertwiner W, which means no loss of infor¬ 
mation, implies that it is valued in two copies of S: 


W : L 


2/Tn)2 
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In this section, we interpret these two copies as the global cnrvatnre contraction of the Anti- 
deSitter space AdS 2 - Let us first compute this global contraction. As in the introduction, we 
consider the real Lie algebra given by 

[H, E] = 2E, [H, E] = -2E, [E, F] = tH, 


with t > 0. However, instead of looking at local charts like in the introduction, we consider 
globally the Anti-deSitter space denoted by Mt, for t > 0. One way to describe it globally in 
view of its contraction {t —?• 0) is to see it as a sphere for the Killing form in the dual Lie algebra 
gj' (so as a coadjoint orbit). 

Let {H*,E*,F*) be the dual basis of g)‘ with respect to {H,E,F). It turns out that the 
Killing form on g^ is given by 


/8 0 0 \ 
,5= 0 0 4t 

\0 4t 0 / 


in the basis {E[,E,F). So we define the musical isomorphism X G g^ i—)■ G g^ by ^X{Y) := 

/3(X, Y). One has 

= '’E = AtF*, ^F = AtE*. 


Then, the Killing form can be transported to g^ by the expression fi* X,^Y) := /3{X,Y). And 
the computation gives 

/i 0 0 
( 3 * =\0 0 ^ 

VO h 0 

in the fixed basis {H*,E*,F*). 

To obtain the curvature contraction, one also has to increase the radius of the one-sheeted 
hyperboloid as This will correspond to normalize f3* in the following way: 

f3t ■■= 4t/3* 


This scalar product is actually invariant under the coadjoint action and its spheres coincide with 
the one-sheeted hyperboloids. Namely, if Mt is defined as the coadjoint orbit Adg(K* -|- F*), 
one has the following simple characterization 

Mi = UGg:, /3t(e,0 = 2}. 

To make explicit the link with the notations of the rest of the paper, we give the 4>K-local chart 
of (part of) Mt'. 

{2iH* + -F e2“(l - ft)F*, a, £ G M}. 

Now, the global curvature contraction is defined as the limit in t —)• 0, so it corresponds to 
Mo := {e e gS = (50(1,1) K = 2 }, 

which can be reformulated as Mq = {aH* +jE* + ^F*, a G M, 7 G M*}. Mq has two connected 
components, each corresponding to the Poincare coset M = S0{1, 1) >< (see Figure]^. Let 

us summarize the above discussion. 

Proposition 6.1 The global curvature contraction of the Anti-deSitter space AdS 2 consists in 
two copies of the Poincare coset (see Figure]^. 
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Figure 2: Global curvature contraction (t —>■ 0): Anti-deSitter —>■ two Poincare cosets. 


6.2 Star-exponential on the curvature contraction 


Let us show why we can interpret the two copies of S ~ M (see Remark 2.1) in the intertwiner 
W as the global curvature contraction of AdS 2 - One can extend in a non-formal way W to 
polynomials in x,y (see m), so that we can evaluate it on the moment maps. Remember that 


28 




= \/^(l + 2xy), Xe = ^/^iy and Xp = + xy), so that we have 

W^^Xh) = nei + \/^(l “t" /3), 

W^iXp) = |ee-2“, 

((^ - 2/? - /32)e - 2V^(1 + /?)£ - . 

It appears that f5 = —1 is a convenient value for this parameter. Then, the coordinates transform 
as 


W,{x){a,i) = e^<^{l-—), 


— 2a 


W,(y){a,e) = ^ee 

We see that for e = +1, this corresponds exactly to the change of coordinates defined in 


Equation (4.2), so that the first space § in the range of W coincides exactly with the one of the 


coordinate chart <I>k (see Equation (2.1) and EigureQ. 

With e = —1, it turns out by replacing x,y by their above expression that we get a part of 
the adjoint orbit described by 

- e2“(l - Kf)E - kc-^^F 


in the notations of section 2.1 It actually coincides with the chart (see Eigure[^, i.e. with an 
application of a central symmetry with respect to the origin to the first space S. In coordinates 
x,y, it corresponds to look at the chart Adf,xEgyFz{HK) = —'ifnixE + yF) with Z = E — F. 


In the global contraction process (see section 6.1) - by identifying adjoint and coadjoint orbits 
thanks to the Killing form for t > 0 - one can see that the chart now seen as a part of the 
coadjoint orbit Mt, goes exactly to the first copy of the Poincare coset 

Mo+ := {aH* + -fE* + ^F*, a E M, 7 > 0} ~ M, 

while its symmetric counterpart (also seen in Mt) goes to the second copy 

Mg- := {aH* + jE* + a E M, 7 < 0} ~ M. 

Therefore, for e = + 1 , the space S in the range of IE+ can be geometrically interpreted as 
the chart but also as the first connected component of the global contraction Mq. In 
the same way, for e = —1, the space S in the range of W- can be geometrically interpreted as 
the chart but also as the second connected component Mq of Mq. 


Let us now give the interpretation of the star-products. Due to Remark 2.1, the natural 


^(^(l, 1) >< M^-invariant star-product coincides with on M ~ S. But passing from Mq ~ S 
to Mq corresponds to a central symmetry, so an overall minus sign, which by Kirillov’s orbits 
method and Weyl type quantization maps m corresponds to change the sign of the deformation 
parameter 8 of the star-product. This induces the following definition. 

Definition 6.2 The natural ^©(l, 1) >< M^-invariant star-product -kg on the global curvature 
contraction Mq = Mq U Mq is defined by 

fkgh:= /+ kl h+ -X f- k\g h-, 

where f± is the restriction of / to M^ and we use the identification Mq ~ S. ♦ 

Then, it turns out that {L'^{Mo),kg) ~ (L'^(E>), kg) Q) (L^(§),*^g) as Hilbert algebras, like in the 
range of W. 

We can now collect the results of section 
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Proposition 6.3 For any /3 G M, the intertwining operator W = © W- : L^(M^) —>■ 

defined by 




[ (1+r?^) 4 1^1 + 7]^+r]\ e '^°-q)j ^“-^1 + rf\dr]dq, 

yR2 \ 2 / 


is an isomorphism of Hilbert algebras. Therefore, it induces a spatial isomorphism of von 
Neumann algebras W : —)• 5Jl^i(S) © 9JT^i ^(S) ~ 9Jt*g(Mo)- 

Proof In Theorem |5.2| was proved that VP is a unitary algebra homomorphism for the star- 
products tJe and Let us show that it is compatible with the complex conjugation: 


Weif)ia,i) = f ( 1 +??^) ^^/l + 1 ]"^ + r]\ e'^e 

2tt0 J^2 

f[q, + 7/2^d7?dg = We(f){a,l), 

by performing the change of variables r] i—)> —rj and using (\/l + — rj)~^ = (y^l + 77 ^ + r/). ■ 


The intertwiner VP is defined on the multipliers 5[Rjjg(M^), so that we can push by VP the 
non-formal star-exponential Tjg of the group G = SL{2, M) obtained in section We have 
We{E^g{tXx)){a, i) = -E^i^(tToi(Ax))(a,f') and an easy computation gives 


Toi{\h) = Xh, Toi{Xe) = Xe, 


?oi(Ai?) = Ai? + 


so VP(Tjg) is characterized by the expressions (4.8) and (5.9). 
Proposition 6.4 The expression 




defines the non-formal star-exponential of the group G = SL 2 (M) realized on the global curvature 
contraction Mq of the Anti-deSitter space AdS 2 (see Figure [2|) with its natural SO(l, 1) k M^- 
invariant star-product -kg. It is a continuous group homomorphism for the weak topology of the 
von Neumann algebra 9JT*g(Mo). 

By analytic methods (through the determination of the intertwiner VP and to get unitarity), 
we thus obtained the geometric information that the global curvature contraction coincides 
with two copies of the Poincare coset. Moreover, we know from m that the left or right -kg- 
multiplication by this star-exponential preserves the Frechet algebra (5(Mo),*e) defined 
by 

5(Mo) := {/ G L\Mo), G s[ 2 (M), 

||{Axi,{Ax 2, • ■ • {Axp, [Ayi, ... [Ay^,/+]*1.. ... }*i|| < 00, 

and ||{Axi,{Ax 2, . . . {Ax^, [Ay^,... [Ay^,/-]*1_^ ■ • -IPflipe ''' ipjl < 


6.3 Application to Bessel function identities 

Let us finally compare the star-exponential of section involving Bessel functions with the one 
of section involving principal series representation pushed by the intertwiner VP. 

We saw previously that expressions are much simpler in coordinates (z, z) and (w, w) instead 
of {x,y) and {a,i). So, we denote by T the composition of the transformation (z,z) i->- {x,y) 
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(with partial Fourier transform and change of variables, see section 4.2) with T := o Wj^, 


which is the intertwiner between [jg and and with the transformation {a,i) i—?• {w,w) (see 

97t*g(S) intertwines the products (je and ig. Its explicit 


section 


expression is given by 


3.2). Then T : Tl. 


Ti/Kw.w) = 


-w-w„=^{w-w) I 


e e 


'>f{z,z)dzdz. 


(see (4.8)): 


We use now the form of the star-exponential of the group G = S'L(2,M) in the variables {z,z) 

, 2-Ke |_i. dz-b'' 

Ci {q)[z, z) = —]=\a — cz\ « oi z - 

ttgVVA ’ ^ I V a-cz 

for 5 = ( ^ d) ’ obtain 


£iJg){w,w) = T{&.(g)){w,w) = e 


= p-(«'+«') g-^ («'-«') 


\a — cz\ 


i\/K in / —2w ^ ^ — 2w dz — b \ 


In particular, with g = = 


1 0 
t 1 


the above expression satisfies Equation (|3.3|), so by 

This 


3.4 


unicity it should coincide with the star-exponential obtained in Theorem 

identification yields a new identity on Bessel functions as we will see. 

Before stating the result, let us recall some identities on Bessel functions. Combining 13ZI p. 
395] and [371 P- 181], we obtain the following property: 

cd+is'^ ^ + 00 a/S / I 1 , 


se ^ ^ J^{as)Jp((3s)ds = - - 

dnrp^ 


u 


g 4p^ 


'( 0 +) 


du, 


for a, 13 £ M(]_, i',p G C such that |Arg(p)| < |, —1 < 3?(i/) < 1, and the integration contour is 
described on Figure 



CO 


Figure 3: Integration contour (O-t) —I -|-oo. 


Note that the RHS of the identity involves a well-defined Lebesgue integral on the complex 
contour, with an exponential decreasing because of the condition |Arg(p)| < We can now 
show that the comparison between the two star-exponential gives this type of identity but at 
the singular limit |Arg(p)| = for ly G iM*, and if we replace the Bessel function J by another 
function A of Bessel type. Therefore, there will be no exponential decreasing in the second 
member, only an oscillatory integral. 


Theorem 6.5 For a,j3 £ M(]_, r G M* and p £ C such that |Arg(p)| = we have the following 
identity: 



Ar(a,s)Ar(/3, 


s) 


1 -|- 4r^s2 


ds 


1 

_ p 4p2 

A'k\p^\ 


I l-l+ir -74(2+-) , 

l^l + e ^ dz, 
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where we recall that 


Ar{a,s) := -—-j—^iYir{sa) - 2sTJir{sa)). 

sinh(^) ' ^ 

Proof Indeed, the identification with T gives 

1^17 */ 0 ’ ^ 0 ’ 




for t G M and tCjU; G M. We set r = ^, a = \/2re and /3 = \/2re After the change of 
variables z ^{tz — 1), we obtain indeed 

^ [ e-^'*A,(a,s)A,(/I,s)—^^ds = ^es(“^+/3^) [ |z|-i+-e'^(^+i)dz, 

rI Vr+ 1 + 4t s |f| 7 k 

and we set = ^. ■ 
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